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Abstract 
When a list of size n is nearly sorted, a straight insertion sort algorithm is highly efficient 
since only a number of comparisons equal to the number of inversions in the original list, plus 
at most II - 1, is required. We use a definition of nearly sorted, k-sorted, as given in Berman 
(1997) and determine the maximum number of inversions in k-sorted permutations of size n. 
This number is approximately 0.6kn. 0 1998 Elsevier Science B.V. All rights reserved. 
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1. Introduction 
A permutation of size n is an ordered list of n integers P = (~1, ~2,. , pn} for 
which 1 <pi <rz, and pi = p,i if and only if i = j. An inversion occurs between 
indexes i and ,j when i < j and pi > p,. The number of inversions in such lists 
is, for certain algorithms, a measure of the work to be performed. For example, any 
sorting algorithm which relies solely upon comparing adjacent values in a list requires 
at least as many comparisons as there are inversions in the list. Some, e.g., straight 
insertion sort, use exactly this number plus, at most, 12 - 1 additional comparisons. 
Such algorithms are useful when the list has few inversions, that is, “nearly sorted”, a 
situation which occurs in the “clean-up” phase of a Quicksort routine. 
Several definitions of nearly sorted appear in the literature. For example, Knuth, in 
[2, p. 861, refers to a permutation being k-ordered if p, < pi+k, for 1 <i <n - k. 
A slightly different interpretation, and the one used here, is that no value should be 
“far from where it belongs”. This is formalized in the following definition of k-sorted 
permutations, a term whose definition is also not unique in the literature. 
Definition 1. For any nonnegative integer k, a permutation of size n is k-sorted when 
/i - piI <k, for 1 <i<n. 
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In this paper we determine the maximum number of inversions over all k-sorted 
permutations of size II. It follows from Proposition 3.4.2 given in [l, p. 871 that 2kn 
as an upper bound. We show that the sharp upper bound is approximately 0.6kn. 
2. Preliminaries 
Let I(n, k) be the maximum number of inversions in any k-sorted permutation of size 
12. For unrestricted permutations, i.e., when k an - 1, it is well known that Z(n, k) = 
n(n - 1)/2, and equality holds when the values appear in descending order. That is, 
whenP={n,n-l,n-2 ,..., 2,l). Clearly, 1(n,O) = 0. Otherwise, when k < n - 1, 
by considering a straight insertion sort algorithm applied to an arbitrary permutation 
P, it is easy to obtain that I(n, k) < kn. 
For i = 2,3,. . . , n do the following 
x = pi is moved to the left - “removing” one inversion with each exchange - 
until the end of the list, or a value smaller that x, is encountered. 
At the beginning of the ith step, ~1, ~2,. . . , pi-1 are in the ascending order. Also, 
notice that the number of exchanges is exactly the number of inversions, and the total 
number of comparisons is at most it - 1 more than this number. Let Li be the number 
of inversions encountered during the execution of stage i, that is, Li is the number of 
values larger that pi and to the left of i in P. Then, the number of inversions in P is 
Ll SL2f... + L,, where L1 is defined to be zero. 
Throughout, n and k are positive integers with k < n - 1. 
Lemma 1. If P is any k-sorted permutation of size n, then Li <k, for 1 <i <n. 
Proof. Suppose for some i that Li > k. Assume i is selected so that pi is as small 
as possible. Then, pi+k > pi for 1 <k <n - i. In the above procedure, x = pi will be 
moved left Li positions, and it will not be moved in subsequent steps since all remaining 
values must remain to the right of x. Therefore, Li <k. ??
From Lemma 1, I(n, k) 6 kn. However, it is not difficult to see that this number of 
inversions cannot be realized since this would require that every entry of P be preceded 
by k larger entries, an impossibility for the first k entries and, when n > 2k, the largest 
k entries of P. Thus, for large enough n, Z(n, k)<kn - k(k + 1). But, as shown later, 
even this number is not attainable. 
The next two results are straightforward and not proven here. The first is often used 
to establish that the maximum possible number of inversions in unrestricted permuta- 
tions, i.e., when k >n - 1, is n(n - 1)/2. 
Observation 1. When pi and pi+1 are exchanged, the number of inversions increases 
(decreases) by one when pi < pi+, (pi > pi+, ). 
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Observation 2. Consider indexes i and j for which p; = pj - 1. Interchanging pi and 
pj increases (decreases) the number of inversions by one when i < j(i > j). 
For some k-sorted permutations, Observation 1 or 2 may indicate that the number 
of inversions can be increased by interchanging two values but, by doing so, the 
permutation will be no longer k-sorted. Precisely when this situation occurs is dealt 
with next. 
Lemma 2. Let P be a k-sorted permutation of size n with Z(n, k) inversions. Zf i < ,j 
and pi < pj, then either pi < j - k or pj > i + k. 
Proof. Suppose not for some k-sorted permutation P with Z(n,k) inversions. Assume 
i and j are indexes for which i < j, and j - k 6 pi < pj <i + k. Further, assume j is 
the smallest index for which this occurs. Then, i-k < j - k 6 p, < pj < i + k < j + k. 
From this, -kdpi-j < k and -k < pi-i<k. Thus, Ipi-jldk and Ipi-il<k. EX- 
changing pi and pj in P produces P’, another k-sorted permutation of size n. For i < 
m < j, because of the assumed minimality of index j, pm is either larger, than pj or 
smaller than p,. Therefore, in P’,Li’ = Lj, Lj ’ = Li + 1, and all others are unchanged. 
That is, P’ has one more inversion than P, a contradiction which establishes the 
result. 0 
3. Maximal permutations 
It is possible to construct a permutation P of size n to show that Z(n, k)>kn/2. 
Assume n is a multiple of 2k and the entries of P are in ascending order. From 
the left (the lowest index), reorder successive blocks of 2k entries of P as follows: 
exchange the first k entries with the second k entries, leaving each set of k in ascending 
order. The Li values corresponding to entries in the first half of a 2k block are zero 
while those of entries in the second half are each k. Thus, c Li = kn/2 <Z(n, k). 
This organization of a block of 2k entries inspired, and is a special case of, the 
following definition. 
Definition 2. For integers s and m, 1 <s 6 k and 0 6m <n - k - s, a subsequence, 
pm+Irpm+2,~**~ pm+k+$, of a k-sorted permutation of size n is (k,s)-ordered when 
( 1) the first s values are in ascending order and larger than all other values in the 
subsequence, 
(2) the last s values are in ascending order and less than all other values in the 
subsequence, and 
(3) the remaining k - s values are in descending order. 
The smallest and largest values in a (k, s)-ordered sequence in the interval [m + 1, 
m + 2,. . . ,m + k + s] are, respectively, pm+k+t and P,,,+~. Since the permutation is 
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k-sorted, m + 1 < p&k+1 and p m+s 6m + s + k, that is, all values in the subsequence 
remain in the subsequence upon sorting the permutation. Further, pi > m + k + s, 
for i > m + k + s, and pi 6 m, for i Gm. Therefore, by the pigeon-hole principle, the 
subsequence values are 
(1) m+k+ 1 = pm+1 < pm+:! < ... < pmfs =m+k+s, 
(2) m + 1 = pm+k+l -=c pm+k+2 < . . . < pm+k+s = m + S, and 
(3) m + k = P,,,+~+I > pmist2 > . . . > pmfk = m + s + 1. 
The corresponding Li values are as follows: 
(1) L m+l - - Lm+2 = ... = L,+, = 0. 
(2) Lm+k+l = Lm+k+Z = . . . = Lm+k+s = k, and 
(3) L m+s+r = s,L,+,+2 = s + 1;. . ,L,+k = k - 1. 
The sum of the Li values in the subsequence is (k2 - k + 2sk - s2 + s)/2 and is 
independent of m and of the values in P. Similarly, no other Li value, where either 
16 i 6m or m + k + s < i Gn, is dependent upon the values in this subsequence. 
The next two theorems, and the intervening corollary, show that there are permuta- 
tions with a maximum number of inversions whose entries are a series of (k,s)-ordered 
blocks. 
Theorem 1. There is a positive integer s<k and k-sorted permutation P of size n 
with I(n, k) inversions where the last k + s entries of P are (k,s)-ordered and are the 
largest entries in P. 
Proof. Assume P is a k-sorted permutation of size n with Z(n, k) inversions. Let i be 
the largest index for which pi > i-k, and let s = n - i. Further, assume P is selected 
so that p,, is as small as possible and, among these, s is as large as possible. 
We first show that s > 0, that is, i < n and p,, = n - k. Suppose p,, = x > n - k. 
Let j be the index for which pj = x - 1. Since P is k-sorted, Ix - 1 - jl <k, and 
Lemma 2 implies j < x - k. Therefore, j = x - k - 1. By Observation 1, interchanging 
pj and pj+r SO that pj+r = x - 1 reduces the number of inversions by exactly one. 
Now, according to Observation 2, interchanging pj+r and p,, increases the number 
of inversions exactly by one. That is, a k-sorted permutation exists having Z(n, k) 
inversions with pn = x - 1, contradicting the assumption that p,, in P was as small as 
possible. 
Now,~>O,p,_,+~=n-k-s+l,p~_~+~=n-k-sf2,...,p~=n-k,and 
pn--s > n -s -k. In fact, pn--s must be greater than n -k since it cannot be any of the 
values just assigned. The index j for which pj = n must satisfy j<i = n - s. Then, 
since P is k-sorted, we have k > 1 pj - jl = n -j 3 n - i = s. Therefore, n - k <j d n - s 
and 0 < s<k. 
(1) First, assume s = k. The index j, from above, equals n - k, that is, &_k = n. 
Now, let m be the smallest integer for which &&k-,,, < n - m. Since P is 
k-sorted, Pn_k_m <n - m. Suppose m < k, and let t be the index for which 
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pt = n - m. Since the pi’s, for i > n - k - m, are all determined and none 
equals n - m, we must have t < n - k - m. Then, 1 pt - tI = n - m - t > 
n - m - (n - k - m) = k, a contradiction since P is k-sorted. When m 3 k, the last 
2k values of P are (k, k) ordered, as required. Therefore, the theorem holds when 
s = k. 
(2) Now, assuming s < k, we have that pn-s >n - k + 1. Let m be the smallest 
integer for which P~_~-,,, # n - k + m + 1. 
(2a) First, suppose p+-,,, < n -k + m + 1. This implies that m 3 1, and that, since P 
is k-sorted, pn_$_,,, >n-s-m-k. If p+-,,, > n-s-m-k, then Lemma 2, with 
i = n -s - m and j = n - s - m + 1, implies P has fewer than Z(n, k) inversions, a 
contradiction. Therefore, P+-~ = n - s - m - k and there exists an index j for 
which j < n-s-m and pj = n -s-m -k + 1. From Observation 2, interchanging 
the values of pj and pn-s-m reduces the number of inversions by exactly one. 
Now, the value of pn_$_,,, is n - s - m - k + 1 and, as above, Observation 
1 indicates that exchanging the values of P~-~-,,, and pn_s_m+l increases the 
number of inversions by exactly one. That is, we again have a permutation with 
Z(n, k) inversions. But, here, ~~-~-~+l = n - s - m - k + 1. 
This process can be repeated m - 1 times until p,,_+ = n -s-k, a contradiction 
since P was selected so that s was as large as possible. 
(2b) Therefore, pn_-s--m > n-k+m+l. Suppose m > k-s. Then, n-s-m < n-k. As 
above, let j be the index for which pj = n. Since p, < n for n-s-m < i 6 n, we 
have thatj<n-s-m < n-k. But, that implies Ipj-jl = n-j > n-(n-k) = k, 
a contradiction. 
So, assume m < k-s, and now let j be the index for which pj = pn-s-m- 1 > 
n - k + m. Since the values with indexes greater than n - s - m have been 
determined and all are less than n - k + m + 1, the index j must be less than 
n -s -m. Also, j > pn_-s_-m - k - 1. If j > pn_s_m - k - 1, Observation 2 implies 
the number of inversions can be increased. So, j must equal pn-$-,,, - k - 1. 
Since P is a k-sorted, pj+t <j + 1 + k = p+-,,,, Since pj+t # P~-~-,,, and 
Pjil # Pn-s-m - 1 = pi, it must be that pj+i < pi. Then, by Observation 
1, interchanging pj and pj+i decreases the number of inversions by one. Now, 
Observation 2 implies the interchanging P,,_~-,,, and the (new) pj+i increases the 
number of inversions by one, that is, the number of inversions is again Z(n, k). 
This process may be repeated until m = k - s. 
From (2a) and (2b), we may assume m = k-s, that is, pn-k > n-s- 1 and pn-k+i = 
n-s,&_k+Z =n-s-l,..., p,,-$ =n-k+l,p,_,+l =n-k-s+l,..., pn-l = 
n - k - 1, p,, = n - k. Also, the index j for which pj - n cannot be greater than 
n - k since these values have already been assigned and all are less than n. Since P 
is k-sorted, j >n - k. Thus, j = n - k and &_k = n. 
Now, by an argument omitted here but identical to the one used above in (1) when 
S = k, p,,-k_, = n - 1, pa-k-2 = n - 2,. . ., pn__k_s+l = n - s + 1. This gives a 
(k,s)-ordering for the last k + s entries and establishes the theorem. ??
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Corollary 1. If k + 1 < n <2k, there is a k-sorted permutation of size n with I(n, k) 
inversions that is (k, n - k)-ordered. 
Proof. Let P be any k-sorted permutation of size n, 2 6 k + 1 < n <2k, with I(n, k) 
inversions. From the previous theorem, there is an s <It - k <k for which the last k + s 
entries of P are (k,s)-ordered. From the comment following Definition 2, the number 
of inversions attributed to the last kfs entries is (k2 - k+2sk-s2 +s)/2. The remaining 
n-(k+s) entries contribute at most (n-k-s)(n-k-s- I)/2 additional inversions since 
n - k -s 6 k. The total number, after manipulation, is k2 + n(n - 1)/2 - nk -s(n - 2k - 1). 
Since n - 2k - 1 is negative, the number of inversions is maximized when s is as large 
as possible, that is, n - k. 0 
Now, a permutation containing a maximum number of inversions can be described. 
Theorem 2. There are positive integers t,sl,s2,. . .,st, where n = tk + Csi, and a 
k-sorted permutation P of size n with I(n,k) inversions for which the jirst k + s1 
values of P are (k,sl)-ordered, the next k fs2 entries are (k,s2)-ordered, . . . , and the 
last k + st entries are (k,s,)-ordered. 
Proof. We proceed by way of induction on n, the size of the permutations. From the 
previous corollary, we may asssume n = m for some m > 2k and that the theorem is 
true when n < m. From Theorem 1, there is a permutation P and an integer s, 1 <s < k, 
for which the last k + s entries of P are (k,s)-ordered. Since the last k + s entries are, 
with a (k,s)-ordering, the largest k + s values in P, the number of inversions among 
any arrangement of the first n - k - s entries and the last k + s entries are independent. 
Therefore, the induction hypothesis applied to the first n - k - s entries of P gives 
positive integers t - 1, ~1, ~2,. . . , st_-l for which the first k +q entries are (k,sl )-ordered, 
the next k + s2 are (k, sz)-ordered, . . . , and the last k + st_ 1 entries (of the permutation 
of size n - k - s) are (k,s,_l )-ordered. Finally, let st = s. 0 
4. The number of inversions 
The number of inversions corresponding to entries of any (k,si)-ordered subsequence 
is (k2 - k + 2sik - si2 + si)/2. Therefore, from Theorem 2, I(n, k) is the sum of these 
quantities, for 1 <i < t, that is, I(n, k) = C(k2 - k + 2sik - si2 + si)/2 = (tk(k - 1) 
+ (2k + 1) C si - CSi2)/2. S’ mce n = tk + Csi, this simplifies to 
I(n,k) = (tk(k - 1) + (2k + l)(n - tk) - Csi2)/2 
= ( -tk2 - 2tk + 2kn + n - C si2)/2. 
Since the inversions within a (k,si)-ordered block are independent of the actual 
values of the permutation, the integers ~1, ~2,. . . , st can appear in any order. Suppose 
sr is a smallest value and sI is a largest value and that they are adjacent blocks 
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in P. Then the number of inversions from the corresponding 2k +sl +st entries in P is 
(k2 - k + 2sl k - q2 + SI )/2 + (k2 - k + 2stk - st2 + s,)/2. This sum is maximized when 
SI = L(Q +.~)/2] an d st = [(sr +sf )/21. Thus, the smallest and largest of the si’s differ 
by at most one. That is, n - t Ln/tj of the terms are equal to s + 1 = [n/tJ - k + 1, and 
the remainder are equal to S. Thus, 
c Sj2 =ts*+(IZ-+/tj)(as+l) 
= t( [n/t] - k)2 + (n - t[n/tJ)(2( [n/tJ - k) + 1). 
With additional algebraic manipulation, we obtain the following result. 
Lemma 3. There is an integer t for which 
Z(n,k) = 2kn - t[k(k + 1) - ln/tj( [n/tJ + 1)/2] - n[n/tJ. 
It remains to find the integer t which maximizes Z(n, k) in the preceding result. 
With f(t) = t[k(k + 1) - [n/tJ( ln/tJ + 1)/2] + n in/t], that is, Z(n, k) = 2kn - f(t), 
we can equivalently seek t to minimize f(t). Towards that goal, define a family of 
functions as follows: for integers m E [ l,n] and real x,n/(m + 1) <x <n/m, let g*(x) = 
x[k(k + 1) - m(m + 1)/2] + nm. For x outside this interval, the function is undefined. 
For any m 22, the domains of gm(x) and g,,-,(x) have one common value, x = n/m. 
The two fimctions are equal at this point. 
Lemma 4. For any integer m,26m<n,g,(n/m) = g,,_l(n/m). 
Proof. From the definition, 
g,,,(n/m> = n/m[(k(k + 1) - m(m + 1)/2] + nm 
=n/m[k(k+l)-m(m-1)/2]+n(m-1) 
= gm-l(n/m). 0 
The union of the defined intervals of the family is [n/(n + I), n] and includes the 
integers in the domain of interest. 
Lemma 5. For every integer t E [l,n], there is an integer m for which g&t) = f(t). 
Proof. Assume t is an arbitrary integer in [l, n] and let m = ln/tj. Then n/(m + 1) < 
t<n/m and g&t) = f(t). 0 
For fixed m, g,,,(x), is monotonically decreasing or increasing as x increases, depend- 
ing upon whether k(k + 1) <m(m + 1)/2 or k(k + 1) > m(m + 1)/2, respectively. 
Therefore, letting m* be the real value for which k(k + 1) = m*(m* + 1)/2, that is, 
m* = [- 1 + ( 8k2 + Sk + 1 )1/2]/2, we have, for m > m*, that gm(x) is minimized at 
x = n/m and, for m* > m, gm(x) is minimized at x = n/(m + 1). Thus, the minimum of 
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the family occurs when m = [m*l and x = n/m. The integer t which minimizes f(t) is 
then one of tt = [n/m], the largest integer less than or equal to n/m, or t2 = [n/ml, the 
smallest integer greater than or equal to n/m. We have been unsuccessful in determining 
which of these, when they are different, actually minimizes the function. 
Theorem 3. The maximum number of inversions in any k-sorted permutation of size 
n is, with m = I(-1 + (8k2 + 8k + 1)“2)/21, tl = [n/mJ, and t2 = [n/ml, 
I(n,k) = 2kn - min{f(tt),f(t2)}. 
To better compare this result with the bounds given earlier, consider that m = 
[(-1 + (8k2 + 8k + 1)1’2)/21 E 21j2k and k(k + 1) - m(m + I)/2 Z 0. Thus, Z(n,k) E 
(2 - 21j2)kn 2 .6kn. 
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